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BOHR PHENOMENON FOR OPERATOR VALUED FUNCTIONS
WITH FIXED INITIAL COEFFICIENT
BAPPADITYA BHOWMIK∗ AND NILANJAN DAS
Abstract. The purpose of this article is to study Bohr inequalities involving
the absolute values of the coefficients of an operator valued function. To be more
specific, we establish an operator valued analogue of a classical result regarding the
Bohr phenomenon for scalar valued functions with fixed initial coefficient. Apart
from that, operator valued versions of other related and well known results are
obtained.
1. Introduction and main results
In 1914, Harald Bohr proved the following remarkable result [8].
Theorem A. Let f(z) =
∑
∞
n=0 anz
n be a holomorphic self mapping of the open unit
disk D. Then
(1.1)
∞∑
n=0
|an|rn ≤ 1
for all z ∈ D with |z| = r ≤ 1/6.
Inequalities of the type (1.1) are commonly known as Bohr inequalities nowadays,
and appearance of such inequalities in a result is generally termed as the Bohr phe-
nomenon. The above theorem was re-established with the best possible constant
1/3 instead of 1/6 by Wiener, Riesz and Schur independently. Wiener’s own argu-
ment can be found in [8] itself, and for alternative proofs of the above inequality we
refer the articles [21, 27, 28]. Initially Theorem A was viewed only as an outcome
of the research on the absolute convergence problem for Dirichlet series, and did
not call much attention. However, in the last 25 years it has turned to a thriving
area of investigation. In fact, interest in Bohr radius problem was revived after it
found an application to the characterization problem of Banach algebras satisfying
von Neumann inequality (cf. [14]). Since then, Bohr phenomenon is extended to
multidimensional framework (see f.i. [1, 5, 7, 23]), to abstract settings (cf. [2, 3, 19]),
to ordinary and vector valued Dirichlet series (see [4, 10, 12]), to free holomorphic
functions and on polydomains (cf. [24, 25]), and in numerous other directions. The
readers are urged to look at the references of the aforementioned papers to get a
more complete picture of the current development in this area.
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We now present two different approaches of generalizing the classical Bohr in-
equality, i.e. inequality (1.1), which we aim to blend together in this article. The
first one was considered by Enrico Bombieri (cf. [9, Teorema A] or the exposition
from [16, Chapter 8, Cor. 8.6.8]), who established the following result.
Theorem B. Let f(z) = λ +
∑
∞
n=1 anz
n be a holomorphic self mapping of D,
λ ∈ [0, 1). Then inequality (1.1) is true for
|z| = r ≤
{
1/(1 + 2λ) if λ ≥ 1/2,√
(1/2)(1− λ) if λ ≤ 1/2.
When λ ≥ 1/2, the radius 1/(1 + 2λ) is the best possible.
Clearly this theorem is an extension of Bohr’s theorem (Theorem A) for functions
with fixed initial coefficient. It is worth mentioning that the optimal Bohr radius
in Theorem B for λ < 1/2 is still unknown. Since in Theorem A we can consider
a0 ≥ 0 without loss of generality, varying λ from 0 to 1 it is immediately seen from
Theorem B that (1.1) is true for all holomorphic self maps of D whenever r ≤ 1/3.
On the other hand, in [22, Theorem 2.1] Paulsen and Singh have shown that
Theorem A admits generalization for operator valued holomorphic functions, i.e.
holomorphic functions f from D to B(H) where B(H) is the set of bounded linear
operators on a complex Hilbert space H. To be more specific, [22, Theorem 2.1]
was proved under the assumption Re(f(z)) ≤ I, which is weaker than the natural
generalization ‖f(z)‖ < 1 of the condition f(D) ⊂ D from scalar valued case. Here
‖.‖ denotes the operator norm in B(H). Further extensions of [22, Theorem 2.1]
and other results of similar flavor can be found in [23, 24, 25]. In particular, another
generalization of (1.1) for operator valued functions in single complex variable is
available in [24, Cor. 2.11] under the assumption f(0) = a0I, a0 ∈ C.
At this point, we note that if f(z) =
∑
∞
n=0Anz
n is an operator valued holomorphic
function in D, then an operator inequality of the form
∑
∞
n=0 |An|rn ≤ I also provides
a perfect analogue of the classical Bohr inequality, |.| being the absolute value of
any operator in B(H). Yet it appears to be less investigated compared to the
inequalities associated with norms. Moreover, to the best of our knowledge, till
date no attempt has been made to extend Theorem B for operator valued functions.
Motivated by these facts, we prove an analogue of Theorem B for operator valued
holomorphic functions in the following form, under more general assumptions than
A0 = a0I, a0 ∈ C.
Theorem 1. Let f : D→ B(H) be holomorphic with an expansion f(z) =∑∞n=0Anzn,
An ∈ B(H) for all n ∈ N∪{0}, where A0 is normal and A0An = AnA0 for all n ≥ 1.
If ‖f(z)‖ < 1, then ∑∞n=0 |An|rn ≤ I for
rI ≤
{
(I + 2|A0|)−1 when |A0| ≥ (1/2)I,
((1/2)(I − |A0|))1/2 otherwise,
where |z| = r.
Bohr phenomenon for operator valued functions with fixed initial coefficient 3
Remark. The original proof of Theorem B (cf. [9] or [16, Chapter 8]) seems dif-
ficult to be imitated for operator valued functions, and possibly requires stronger
assumptions than that of Theorem 1. Our proof of Theorem 1 therefore uses op-
erator theoretic methods combined with a few function theoretic techniques from
[18, 20, 26].
Unlike the scalar valued case, an operator valued analogue of classical Bohr in-
equality does not follow directly from Theorem 1. However, making use of some
parts of the proof of Theorem 1, we obtain the following generalization of Theo-
rem A.
Corollary 1. Under the hypotheses of Theorem 1,
∑
∞
n=0 |An|rn ≤ I for |z| = r ≤
1/3.
Another important result in the realm of Bohr radius problem is [9, Teorema B]
(see [16, Theorem 8.6.15] for the current version), which provides sharp estimate on
the majorant series
∑
∞
n=0 |an|rn of a holomorphic self mapping f of D for |z| = r ∈
[1/3, 1/
√
2]. A part of the research on Bohr phenomenon in abstract frameworks
is inspired by this result (see for example [13]). That said, we are unaware of any
existing result in operator valued setup that directly reduces to [16, Theorem 8.6.15]
when restricted to scalar valued case. In this article, the following analogue of the
aforesaid result for an operator valued holomorphic function is obtained.
Corollary 2. Let f : D → B(H) be holomorphic with an expansion f(z) = a0I +∑
∞
n=1Anz
n for some a0 ∈ C. If ‖f(z)‖ < 1 then
(1.2) |a0|I +
∞∑
n=1
|An|rn ≤
(
3−
√
8(1− r2)
r
)
I
for 1/3 ≤ |z| = r ≤ 1/√2.
Remark. Let f(z) =
∑
∞
n=0Anz
n be a B(H) valued holomorphic function on D sat-
isfying ‖f(z)‖ < 1. From [6] it is already known that ∑∞n=0 |An|rn ≤ (1/√1− r2)I
for any |z| = r < 1. Since
1 ≤ 3−
√
8(1− r2)
r
≤ 1√
1− r2
for any 1/3 ≤ r ≤ 1/√2, the above two corollaries improve that result from [6] in
certain ranges of r, but under additional hypotheses.
In view of the above results, it is natural to ask if the functions satisfying
Re(f(z)) ≤ I for each z ∈ D exhibit Bohr phenomenon involving the absolute
values of operators. It turns out that if we consider A0 = a0I, a0 ≥ 0, then [22,
Theorem 2.1(6)] readily gives one such Bohr inequality. In the following theorem
we prove another result of this kind.
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Theorem 2. Let f : D→ B(H) be holomorphic with an expansion f(z) =∑∞n=0Anzn,
An ∈ B(H) for all n ∈ N ∪ {0}, and Re(f(z)) ≤ I for all z ∈ D. In addition, we
assume that f(z) is normal for each z ∈ D, A0An = AnA0 for all n ≥ 1, A0 ≥ 0 and
‖A0‖ < 1. Then
∑
∞
n=0 |An|rn ≤ I for all |z| = r ≤ 1/3.
2. Proofs of the main results
We list down the following known results which we will use frequently in our
proofs.
Maximum Principle [MP](cf. [17, p. 3]): Let D ⊂ C be a bounded open set.
Also let E be a complex Banach space and let f : D → E be a continuous function
which is holomorphic in D. Denote by ∂D the boundary of D. Then
max
z∈D
‖f(z)‖ = max
z∈∂D
‖f(z)‖.
Fuglede-Putnam Theorem [FPT](see f.i. [11, p. 278]): If N and M are normal
operators on the complex Hilbert spaces H and K and B : K → H is an operator
such that NB = BM , then N∗B = BM∗.
Properties of Positive Operators [PPO](cf. [15, pp. 261–262]): Let A,B ∈
B(H) be such that A ≥ 0, B ≥ 0 and AB = BA. Then
(i) A1/2B1/2 = B1/2A1/2.
(ii) AB ≥ 0 and (AB)1/2 = A1/2B1/2.
(iii) If A is invertible then A−1 ≥ 0. Also A1/2 is invertible and (A1/2)−1 =
(A−1)1/2.
(iv) If A ≥ B, A and B are invertible then B−1 ≥ A−1.
(v) If A ≥ B then A1/2 ≥ B1/2.
We are now ready to prove the first theorem of this article.
Proof of Theorem 1. Since A0An = AnA0 for n ≥ 1, A0f(z) = f(z)A0 for each
z ∈ D. As A0 is normal, using [FPT] repeatedly we obtain
(2.1) A∗0f(z) = f(z)A
∗
0 =⇒ f(z)∗A0 = A0f(z)∗ =⇒ f(z)∗A∗0 = A∗0f(z)∗,
and similarly,
(2.2) A∗0An = AnA
∗
0 =⇒ A∗nA0 = A0A∗n =⇒ A∗nA∗0 = A∗0A∗n.
From (2.1) it is easy to see that |f(z)|2|A0|2 = |A0|2|f(z)|2, and hence
(I − |f(z)|2)(I − |A0|2) = (I − |A0|2)(I − |f(z)|2)
for any z ∈ D. Observing that both I − |f(z)|2 and I − |A0|2 are positive operators,
[PPO(ii)] yields (I − |f(z)|2)(I − |A0|2) ≥ 0, which is same as saying
I − A∗0f(z)− f(z)∗A0 + f(z)∗f(z)A∗0A0 ≥ f(z)∗f(z)− A∗0f(z)− f(z)∗A0 + A∗0A0.
As A0 commutes with both f(z) and A
∗
0, from the above inequality we get
(I − A∗0f(z))∗(I − A∗0f(z)) ≥ (f(z)−A0)∗(f(z)−A0),
or, in other words
(2.3) ‖(I − A∗0f(z))x‖ ≥ ‖(f(z)−A0)x‖
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for any x ∈ H. Since ‖A∗0f(z)‖ ≤ ‖A0‖‖f(z)‖ < 1, I − A∗0f(z) is invertible, and
hence by virtue of (2.3),
(2.4) φ(z) := (f(z)−A0)(I −A∗0f(z))−1
is a holomorphic function from D to B(H) with ‖φ(z)‖ ≤ 1 and φ(0) = 0. Again,
due to the fact that ‖A∗0φ(z)‖ < 1, (I + A∗0φ(z)) is invertible. Also using (2.1)
suitably, we get that φ(z) commutes with both A0 and A
∗
0, and hence from (2.4)
f(z) = (A0 + φ(z))(I + A
∗
0φ(z))
−1,
or equivalently
(2.5)
∞∑
n=0
Anz
n = A0 + (I − |A0|2)
∞∑
n=1
(−A∗0)n−1φn(z).
Therefore for any fixed k ≥ 1,
(2.6) A0 + (I − |A0|2)
k∑
n=1
(−A∗0)n−1φn(z) =
k∑
n=0
Anz
n +
∞∑
n=k+1
Cnz
n
for some bounded linear operator Cn’s. Let us define g by
g(z) = A0 + (I − |A0|2)
k∑
n=1
(−A∗0)n−1zn, z ∈ D.
Further, we write g(z) =
∑k
n=0Gnz
n, where Gn is the n
th B(H) valued coefficient of
g, i.e. G0 = A0, Gn = (I − |A0|2)(−A∗0)n−1 for 1 ≤ n ≤ k and Gn = 0 for n ≥ k+1.
Now we define gi, i ∈ N ∪ {0} by
gi(z) =
k∑
n=0
Gn+iz
n, z ∈ D.
Clearly g0(z) = g(z) and gi ≡ 0 for any i ≥ k + 1. Also let
gi[φ(z)] :=
k∑
n=0
Gn+iφ
n(z) =
∞∑
n=0
Gn(i)z
n, Gn(i) ∈ B(H)
for any i ∈ N ∪ {0}. Again it is evident that for any n ≥ 0, Gn(i) = 0 if i ≥ k + 1.
Since φ commutes with any Gn, 0 ≤ n ≤ k, we have gi[φ(z)] = gi(0)+φ(z)gi+1[φ(z)]
for any 0 ≤ i ≤ k. As φ(0) = 0, for any i we write
φ(z)gi[φ(z)] =
∞∑
n=1
Pn(i)z
n,
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where Pn(i) ∈ B(H). Now using the fact ‖φ(z)‖ ≤ 1, it is readily seen that for any
x ∈ H
‖gi[φ(z)]x‖2 = ‖(gi(0) + φ(z)gi+1[φ(z)])x‖2
= ‖gi(0)x‖2 + ‖φ(z)gi+1[φ(z)]x‖2 + 2Re〈φ(z)gi+1[φ(z)]x, gi(0)x〉
≤ ‖Gix‖2 +
∥∥∥∥∥
(
∞∑
n=0
Gn(i+ 1)z
n
)
x
∥∥∥∥∥
2
+ 2Re
〈(
∞∑
n=1
Pn(i+ 1)z
n
)
x, gi(0)x
〉
.
Putting z = reiθ in the above inequality and then integrating both sides of this
inequality over θ from 0 to 2pi, we obtain
(2.7)
∞∑
n=0
|Gn(i)|2r2n ≤ |Gi|2 +
∞∑
n=0
|Gn(i+ 1)|2r2n,
because∫ 2pi
θ=0
2Re
〈(
∞∑
n=1
Pn(i+ 1)r
neinθ
)
x, gi(0)x
〉
dθ
=
∞∑
n=1
rn
(
〈Pn(i+ 1)x, gi(0)x〉
∫ 2pi
θ=0
einθdθ + 〈gi(0)x, Pn(i+ 1)x〉
∫ 2pi
θ=0
e−inθdθ
)
= 0.
As a result, summing both sides of the inequality (2.7) from i = 0 to k and then
allowing r → 1−, we get
∞∑
n=0
|Gn(0)|2 ≤
k∑
i=0
|Gi|2 +
∞∑
n=0
|Gn(k + 1)|2 =
k∑
i=0
|Gi|2,
which is indeed same as saying (see (2.6))
k∑
n=0
|An|2 +
∞∑
n=k+1
|Cn|2 ≤
k∑
i=0
|Gi|2 = |A0|2 + (I − |A0|2)2
k∑
n=1
|A∗0|2(n−1).
As A0 is normal, |A0| = |A∗0|, and therefore the above inequality implies
(2.8)
k∑
n=1
|An|2 ≤ (I − |A0|2)2
k∑
n=1
|A0|2(n−1).
Now from (2.2) one can prove that, |A0|2|An|2 = |An|2|A0|2 for any n ≥ 1, and
hence by [PPO(i)], |A0||An| = |An||A0|, which therefore implies that |A0|p|An|q =
|An|q|A0|p for any p, q ∈ N ∪ {0}. Using this fact, a little computation reveals that(
k∑
n=1
|An|2
)(
k∑
n=1
|A0|2n
)
−
(
k∑
n=1
|An||A0|n
)2
=
k−1∑
i=1
k∑
j=i+1
(|Ai||A0|j − |Aj||A0|i)2 ≥ 0,
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as for any i, j, |Ai||A0|j − |Aj ||A0|i is self adjoint. Now combining (2.8) and the
previous inequality, we have, by [PPO(ii)](
k∑
n=1
|An||A0|n
)2
≤ |A0|2(I − |A0|2)2
(
k∑
n=1
|A0|2(n−1)
)2
,
or, after taking the square root on both sides,
(2.9)
k∑
n=1
|An||A0|n ≤ |A0|(I − |A0|2)
k∑
n=1
|A0|2(n−1).
Assuming |A0| invertible, we observe that for any n ∈ N and for any fixed r ∈ (0, 1),
rn|A0|−n ≥ rn+1|A0|−(n+1) ⇐⇒ rI ≤ |A0|.
Therefore, if rI ≤ |A0|, then doing a summation by parts and applying (2.9) through
[PPO(ii)], we get
k∑
n=1
|An|rn =
k∑
n=1
(|An||A0|n)(rn|A0|−n)
=
k−1∑
n=1
(
rn|A0|−n − rn+1|A0|−(n+1)
)( n∑
t=1
|At||A0|t
)
+ rk|A0|−k
(
k∑
n=1
|An||A0|n
)
≤
k−1∑
n=1
(
rn|A0|−n − rn+1|A0|−(n+1)
)(|A0|(I − |A0|2) n∑
t=1
|A0|2(t−1)
)
+ rk|A0|−k
(
|A0|(I − |A0|2)
k∑
n=1
|A0|2(n−1)
)
= |A0|(I − |A0|2)
k∑
n=1
|A0|n−2rn,
and consequently,
(2.10)
∞∑
n=1
|An|rn ≤ (I − |A0|2)
∞∑
n=1
|A0|n−1rn = r(I − |A0|2)(I − r|A0|)−1
for rI ≤ |A0|. Further, using [PPO(ii), (iii)] appropriately, from inequality (2.10)
we find that
∑
∞
n=0 |An|rn ≤ I is satisfied if |A0| is invertible and the two conditions
rI ≤ |A0| , r(I + 2|A0|) ≤ I
hold together. Now when |A0| is invertible, ‖|A0|x‖ ≥ δ‖x‖ for some δ > 0 and for
all x ∈ H, which is same as saying |A0| ≥ δI, or equivalently 〈|A0|x, x〉 ≥ δ〈x, x〉 for
any x ∈ H. Hence
‖(I + 2|A0|)x‖‖x‖ ≥ 〈(I + 2|A0|)x, x〉 ≥ ‖x‖2 + 2δ‖x‖2,
i.e. ‖(I + 2|A0|)x‖ ≥ (1 + 2δ)‖x‖ for any x ∈ H. Since I + 2|A0| is positive,
the previous inequality implies that I + 2|A0| is invertible. Thus by [PPO(iii)],
(I + 2|A0|)−1 ≥ 0. Therefore
r(I + 2|A0|) ≤ I ⇐⇒ rI ≤ (I + 2|A0|)−1
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(cf. [PPO(ii)]). Now suitably using [PPO(ii), (iii)] and after a little calculation, we
get
(I + 2|A0|)−1 ≤ |A0| ⇐⇒ |A0| ≥ (1/2)I,
i.e. r(I + 2|A0|) ≤ I and rI ≤ |A0| are simultaneously satisfied if |A0| ≥ (1/2)I,
which also implies the invertibility of |A0|. Therefore if |A0| ≥ (1/2)I, then
rI ≤ (I + 2|A0|)−1 =⇒
∞∑
n=0
|An|rn ≤ I.
On the other hand, ‖f(z)‖ < 1 implies ‖f(z)x‖2 ≤ ‖x‖2 for all x ∈ H. Therefore
setting z = reiθ and integrating both sides of this inequality over θ from 0 to 2pi,
and then letting r → 1−, we have ∑∞n=1 |An|2 ≤ I − |A0|2. Now [6, Lemma1] gives
(2.11)
∞∑
n=1
|An|rn ≤ (I − |A0|2)1/2 r√
1− r2
for any r ∈ [0, 1). Therefore, ∑∞n=0 |An|rn ≤ I whenever
(I − |A0|2)1/2 r√
1− r2 ≤ I − |A0|.
Since (I − |A0|2)1/2 and (I − |A0|) both are positive and commute with each other,
the above inequality is equivalent to
(I − |A0|2) r
2
1− r2 ≤ (I − |A0|)
2.
A use of [PPO(ii), (iii)] reveals that this inequality can be reduced to
(I + |A0|)r2 ≤ (I − |A0|)(1− r2),
i.e. rI ≤ ((1/2)(I − |A0|))1/2. Hence
rI ≤ ((1/2)(I − |A0|))1/2 =⇒
∞∑
n=0
|An|rn ≤ I
without any extra assumption on |A0|, and thus it remains true if |A0| − (1/2)I is
not a positive operator. This completes our proof. 
Using some facts from the above proof, we now establish the two corollaries.
Proof of Corollary 1. From the proof of Theorem 1, we observe that φ˜(z) := φ(z)/z
is an operator valued holomorphic function in D, where φ is given by (2.4). By [MP],
it is immediate that for any r ∈ (0, 1), ‖φ˜(z)‖ ≤ 1/r for |z| ≤ r. Letting r → 1−, we
have ‖φ˜(z)‖ ≤ 1 for all z ∈ D. In particular for z = 0, we get ‖A1(I−|A0|2)−1‖ ≤ 1,
i.e. ‖A1x‖ ≤ ‖(I − |A0|2)x‖ for any x ∈ H. Thus we get the following:
(2.12) |A1| ≤ I − |A0|2 ≤ 2(I − |A0|).
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Now for any given n > 1, let w be a primitive nth root of unity. Then we observe
that the function
F1(z) :=
1
n
n−1∑
k=0
f(wkz) = A0 + Anz
n + A2nz
2n + · · · , z ∈ D
satisfies all the assumptions we began with, and so does the function F (z) = A0 +
Anz + A2nz
2 + · · · , z ∈ D. Therefore the inequalities in (2.12) remain true if we
replace A1 by An. Rest of the proof follows from straightforward calculations. 
Proof of Corollary 2. This proof relies on a computational trick from the proof of
[22, Theorem 2.1(4)]. It is evident that for any fixed r ∈ [0, 1), either |a0|I ≥ rI
or |a0|I ≤ rI. Hence, looking at (2.10) and (2.11), it becomes clear that for any
r ∈ (1/3, 1/√2]
(2.13) |a0|I +
∞∑
n=1
|An|rn ≤ max{max
x∈[0,r]
χ(x), max
x∈[r,1)
ξ(x)}I,
where
χ(x) := x+ r
√
1− x2/
√
1− r2 and ξ(x) := x+ r(1− x2)/(1− rx)
for x ∈ [0, 1). Now ξ(x) is strictly increasing for x < x0 and stricly decreasing
for x > x0, where x0 = (1/r)(1 −
√
(1/2)(1− r2)). Note that r ≤ x0 < 1 for
r ∈ (1/3, 1/√2]. Therefore
max
x∈[r,1)
ξ(x) = ξ(x0) =
(
3−
√
8(1− r2)
)/
r.
On the other hand, χ(x) is strictly increasing for x <
√
1− r2 and strictly decreasing
for x >
√
1− r2. For r ≤ 1/√2, r ≤ √1− r2; and hence
max
x∈[0,r]
χ(x) = χ(r) = 2r.
Observing that
r ∈ (0, 1) =⇒ 2r ≤
(
3−
√
8(1− r2)
)/
r,
and that
(
3−
√
8(1− r2)
)/
r = 1 at r = 1/3, our proof is complete from (2.13).

We now prove the final result of this article.
Proof of Theorem 2. It is immediately seen that for any x ∈ H,
‖(2(I − A0)− (f(z)− A0))x‖2 = 4‖(I − A0)x‖2
− 4〈Re((I − A0)(f(z)−A0))x, x〉+ ‖(f(z)−A0)x‖2.
Now since A0An = AnA0 for all n ∈ N and f(0) = A0 is normal, by the same
argument as in the proof of Theorem 1, we have A0f(z) = f(z)A0 and A0f(z)
∗ =
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f(z)∗A0 for each z ∈ D (see (2.1)). Using this fact, and that Re(f(z)) ≤ I, A0 = A∗0
we have
Re((I − A0)(f(z)−A0))
= (I − A0)Re(f(z)− A0)
= (I − A0)(Re(f(z)− A0)− (I − A0)) + (I − A0)2 ≤ (I − A0)2
(see [PPO(ii)]), which implies 〈Re((I −A0)(f(z)−A0))x, x〉 ≤ ‖(I −A0)x‖2 for any
x ∈ H. Therefore for each x ∈ H
(2.14) ‖(2(I −A0)− (f(z)− A0))x‖ ≥ ‖(f(z)− A0)x‖,
which further gives
2‖(I − A0)x‖ ≤ ‖(2(I −A0)− (f(z)−A0))x‖+ ‖(f(z)−A0)x‖
≤ 2‖(2(I −A0)− (f(z)− A0))x‖.
Since ‖A0‖ < 1, I − A0 is invertible and hence bounded below. Therefore 2(I −
A0) − (f(z) − A0) is also bounded below by the above inequality. Observing that
f(z) − A0 and I − A0 both are normal operators that commute with each other,
2(I −A0)− (f(z)−A0) is again normal, and therefore invertible. As a result, from
(2.14) we find that
g1(z) := (f(z)−A0)(2(I −A0)− (f(z)−A0))−1, z ∈ D
is an operator valued holomorphic function with ‖g1(z)‖ ≤ 1 for each z ∈ D. Again
φ1(z) := g1(z)/z, z ∈ D is an operator valued holomorphic function, and hence for
any r ∈ (0, 1) we have, by [MP], that ‖φ1(z)‖ ≤ 1/r for all |z| ≤ r. Letting r → 1−
we conclude that ‖φ1(z)‖ ≤ 1 for all z ∈ D. Now
(f(z)− A0) = zφ1(z)(2(I − A0)− (f(z)− A0)),
and hence
‖(f(z)− A0)x‖2 ≤ |z|2‖(2(I −A0)− (f(z)−A0))x‖2.
Putting z = reiθ and inserting the expansion of f(z) in the above inequality, we get∥∥∥∥∥
(
∞∑
n=1
Anr
neinθ
)
x
∥∥∥∥∥
2
≤
∥∥∥∥∥
(
2(I − A0)reiθ −
∞∑
n=1
Anr
n+1ei(n+1)θ
)
x
∥∥∥∥∥
2
.
Now integrating both sides of this inequality over θ from 0 to 2pi, we obtain
∞∑
n=1
|An|2r2n ≤ 4(I − A0)2r2 +
∞∑
n=1
|An|2r2n+2
for any r ∈ [0, 1). Replacing r2 by r, a little calculation yields that
(2.15)
∞∑
n=1
|An|2rn ≤ 4(I −A0)2 r
1− r .
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Setting Hn = Anr
n/2, k = 1 and replacing r by
√
r in [6, Lemma 1], a use of the
inequality (2.15) now reveals that
∞∑
n=1
|An|rn ≤ 2(I − A0) r
1− r
for each r ∈ [0, 1). The desired result follows immediately from the above inequality.

3. Concluding remarks
It is worth noting that both Theorem A and Theorem B can be proved under the
weaker hypothesis |f(z)| ≤ 1, as in this situation |f(z)| = 1 for any z ∈ D implies,
by the Maximum modulus principle of complex valued functions, that f(z) = 1
for all z ∈ D. An exact analogue of this principle is not available for operator
valued functions in general. In view of that, it is natural to ask if the condition
‖f(z)‖ < 1 in the statements of Theorem 1 and Corollaries 1 and 2 could be replaced
by ‖f(z)‖ ≤ 1. This appears to be an interesting problem for future research.
References
[1] L. Aizenberg: Multidimensional analogues of Bohr’s theorem on power series, Proc. Amer.
Math. Soc., 128 (2000), no. 4, 1147–1155.
[2] L. Aizenberg, A. Aytuna, P. Djakov: An abstract approach to Bohr’s phenomenon,
Proc. Amer. Math. Soc., 128 (2000), no. 9, 2611–2619.
[3] A. Aytuna, P. Djakov: Bohr property of bases in the space of entire functions and its
generalizations, Bull. Lond. Math. Soc., 45 (2013), no. 2, 411–420.
[4] R. Balasubramanian, B. Calado, H. Queffe´lec: The Bohr inequality for ordinary
Dirichlet series, Studia Math., 175 (2006), no. 3, 285–304.
[5] F. Bayart, D. Pellegrino, J. B. Seoane-Sepu´lveda: The Bohr radius of the n-
dimensional polydisk is equivalent to
√
(log n)/n, Adv. Math., 264 (2014), 726–746.
[6] B. Bhowmik, N. Das: Bohr phenomenon for operator valued functions, available at
arXiv:1904.00351v1 [math.CV].
[7] H. P. Boas, D. Khavinson: Bohr’s power series theorem in several variables, Proc. Amer.
Math. Soc., 125 (1997), no. 10, 2975–2979.
[8] H. Bohr: A theorem concerning power series, Proc. London Math. Soc., (2) 13 (1914), 1–5.
[9] E. Bombieri: Sopra un teorema di H. Bohr e G. Ricci sulle funzioni maggioranti delle serie
di potenze, (Italian) Boll. Un. Mat. Ital., (3) 17 (1962), 276–282.
[10] D. Carando, A. Defant, P. Sevilla-Peris: Bohr’s absolute convergence problem for
Hp-Dirichlet series in Banach spaces, Anal. PDE, 7 (2014), no. 2, 513–527.
[11] J. B. Conway: A course in functional analysis, Second edition. Graduate Texts in Mathe-
matics, 96. Springer-Verlag, New York, 1990.
[12] A. Defant, D. Garc´ıa, M. Maestre, D. Pe´rez-Garc´ıa: Bohr’s strip for vector valued
Dirichlet series, Math. Ann., 342 (2008), no. 3, 533–555.
[13] A. Defant, M. Maestre, U. Schwarting: Bohr radii of vector valued holomorphic func-
tions, Adv. Math., 231 (2012), no. 5, 2837–2857.
[14] P. G. Dixon: Banach algebras satisfying the non-unital von Neumann inequality, Bull. Lon-
don Math. Soc., 27 (1995), no. 4, 359–362.
[15] E. Fricain, J. Mashreghi: The theory of H(b) spaces, Vol. 1. New Mathematical Mono-
graphs, 20. Cambridge University Press, Cambridge, 2016.
12 B. Bhowmik, N. Das
[16] S. R. Garcia, J. Mashreghi, W. T. Ross: Finite Blaschke products and their connections,
Springer, Cham, 2018.
[17] I. Gohberg, J. Leiterer: Holomorphic operator functions of one variable and applica-
tions. Methods from complex analysis in several variables. Operator Theory: Advances and
Applications, 192. Birkha¨user Verlag, Basel, 2009.
[18] G. M. Goluzin: On majorants of subordinate analytic functions. I.(Russian), Mat. Sbornik
N.S. 29(71), (1951). 209–224.
[19] H. Hamada, T. Honda, G. Kohr: Bohr’s theorem for holomorphic mappings with values
in homogeneous balls, Israel J. Math., 173 (2009), 177–187.
[20] J. E. Littlewood: On inequalities in the theory of functions, Proc. London Math. Soc., (2)
23 (1925), no. 7, 481–519.
[21] V. I. Paulsen, G. Popescu, D. Singh: On Bohr’s inequality, Proc. London Math. Soc., (3)
85 (2002), no. 2, 493–512.
[22] V. I. Paulsen, D. Singh: Extensions of Bohr’s inequality, Bull. London Math. Soc., 38
(2006), no. 6, 991–999.
[23] G. Popescu: Multivariable Bohr inequalities, Trans. Amer. Math. Soc., 359 (2007), no. 11,
5283–5317.
[24] G. Popescu: Bohr inequalities for free holomorphic functions on polyballs, Adv. Math., 347
(2019), 1002–1053.
[25] G. Popescu: Bohr inequalities on noncommutative polydomains, Integral Equations Operator
Theory, 91 (2019), no. 1, Art. 7, 55 pp.
[26] W. Rogosinski: On subordinate functions, Math. Proc. Cambridge Philos. Soc., 35(1), pp.
1–26, doi:10.1017/S0305004100020703.
[27] S. Sidon: U¨ber einen Satz von Herrn Bohr. (German), Math. Z., 26 (1927), no. 1, 731–732.
[28] M. Tomic´: Sur un the´ore`me de H. Bohr. (French), Math. Scand., 11 (1962), 103–106.
Bappaditya Bhowmik, Department of Mathematics, Indian Institute of Technol-
ogy Kharagpur, Kharagpur - 721302, India.
E-mail address : bappaditya@maths.iitkgp.ac.in
Nilanjan Das, Department of Mathematics, Indian Institute of Technology Kharag-
pur, Kharagpur - 721302, India.
E-mail address : nilanjan@iitkgp.ac.in
